New, structural properties of post-Minkowskian (PM) gravity are derived, notably within its effective one body (EOB) formulation. Our results concern both the mass dependence, and the highenergy behavior, of the classical scattering angle. We generalize our previous work by deriving, up to the fourth post-Minkowskian (4PM) level included, the explicit links between the scattering angle and the two types of potentials entering the Hamiltonian description of PM dynamics within EOB theory. We compute the scattering amplitude derived from quantizing the third post-Minkowskian (3PM) EOB radial potential, including the contributions coming from the Born iterations. We raise doubts about the general possibility of extracting classical information from a perturbative Born-Feynman amplitude, and detail the incompatibility between the classical 3PM dynamics recently derived by Bern et al. [Phys. Rev. Lett. 122, 201603 (2019)], and previous high-energy self-force results [Phys. Rev. D 86, 104041 (2012)]. We propose a new version of the 3PM dynamics that is uniquely derived from three requirements: (i) compatibility with known self-force results; (ii) incorporation of the fifth post-Newtonian (5PN) 3PM scattering independently derived in [Phys. Rev. Lett. 123, 231104 (2019)]; and (iii) some structural properties present in the result of Bern et al. We also point out that linear-in-mass-ratio self-force computations can give access to the exact 3PM and 4PM dynamics.
I. INTRODUCTION
The recent, dramatically successful, beginning of gravitational-wave astronomy [1] [2] [3] [4] , and the expected future improvements in the sensitivity of gravitationalwave detectors, gives a renewed motivation for improving our theoretical knowledge of the gravitational dynamics of two-body systems in General Relativity. Our current knowledge of the dynamics and gravitationalwave emission of binary systems has been acquired by combining several types of (interrelated) analytical approximations schemes, and furthermore, by completing analytical results with the results of a certain number of numerical simulations of coalescing binary black holes. The main types of analytical schemes that have been used are: post-Minkowskian (PM), post-Newtonian (PN), multipolar-post-Minkowskian, effective-one-body (EOB), black-hole-perturbation, gravitational self-force (SF), and effective-field-theory (EFT).
Recently, a new avenue for improving our theoretical knowledge of gravitational dynamics 1 has been actively pursued. It consists of translating the (classical or quantum) scattering observables of gravitationally interacting two-body systems into some Hamiltonian counterpart. The idea of mapping quantum gravitational scattering amplitudes onto some type of gravitational potential had been first explored long ago [6] [7] [8] [9] [10] [11] . The idea of these works was to construct a two-body Hamiltonian of the * Electronic address: damour@ihes.fr 1 We shall not discuss here the related issue of improving our knowledge of gravitational-wave emission by amplitude methods; see Ref. [5] and references therein.
type
such that the scattering amplitude in the momentumdependent potential V (x 1 − x 2 , p 1 , p 2 ) (given by a usual Born-type expansion) is equal to the scattering amplitude computed by means of the Feynman-diagrams defined by a (perturbative) quantum field theory comprising two scalar fields φ 1 , φ 2 (of masses m 1 and m 2 ) interacting via perturbatively quantized Einstein gravity. This was done within the framework of the PN approximation scheme, i.e., using a small-velocity expansion, and working actually with the PN-expanded form of the Hamiltonian, up to some finite (and rather low) accuracy:
H(x 1 , x 2 , p 1 , p 2 ) = (m 1 + m 2 )c 2 + p 2
3) This did not yield at the time results that could not be (often more efficiently) obtained by conventional PN classical computations 2 . A similar approach was also used in Quantum Electrodynamics to derive the (v 2 /c 2 )-accurate (first post-Coulombian) Breit Hamiltonian. See, notably, the fourth volume of the Landau-Lifshitz treatise of theoretical physics [12] which derives the Breit Hamiltonian by starting from the scattering amplitude A of two massive, charged particles.
The idea of extracting classical gravitational dynamics from scattering amplitude M of two gravitationally interacting massive particles has been further explored and extended in more recent papers [13] [14] [15] [16] [17] [18] . However, these works limited their ambition to extracting leading terms in the PN expansion of the dynamics.
It is only quite recently that the issue of linking the gravitational scattering amplitude M to PM gravity, i.e., without using a small-velocity expansion, has been explored. This was done at the second post-Minkowskian (2PM) level (i.e., O(G 2 ) or one-loop) in Refs. [19] [20] [21] [22] [23] , and at the third post-Minkowskian (3PM) level (i.e., O(G 3 ) or two-loop) in the recent breakthrough work of Bern et al. [24, 25] . [Let us also mention that Ref. [20] has extracted both 3PM and 4PM classical information from the earlier trans-Planckian two-loop result of Amati, Ciafaloni and Veneziano [26] .] Let us also mention some further (partly conjectural) work concerning the link between the gravitational scattering amplitude of spinning particles and the classical gravitational interaction of Kerr black holes [27] [28] [29] [30] [31] , as well as work on the computation of classically measurable quantities from onshell amplitudes [32, 33] .
Those recent works dealing with PM gravity in connection with the quantum amplitude M have been preceded by older investigations, using purely classical methods, of the PM expansion of the gravitational dynamics of two-body systems. The first post-Minkowskian (1PM; O(G 1 )) dynamics was studied in Refs. [34] [35] [36] , while the second post-Minkowskian (2PM; O(G 2 )) one was tackled in Refs. [37] [38] [39] [40] ). More recently, the investigation of classical PM gravity has been revived by showing how the EOB formalism [41] [42] [43] was able to provide a much simplified description of PM gravity, based on the gaugeinvariant information contained in the scattering function 1 2 χ(E, J). In particular: (i) Ref. [44] has shown how the 1PM-accurate classical scattering of two nonspinning bodies could be transcribed, within the EOB formalism into the geodesic dynamics of a particle of mass µ = m 1 m 2 /(m 1 + m 2 ) in a (linearized) Schwarzschild background of mass M = m 1 + m 2 . [This EOB formulation of the 1PM dynamics is much simpler than the previously obtained Arnowitt-Deser-Misner one [36] .]; (ii) Ref. [45] has shown how to transcribe within the EOB formalism the 1PM gravitational interaction of spinning bodies at all orders in the spins (see also [46] ); (iii) Ref. [20] defull, 1PN Einstein-Infeld-Hoffmann equations of motion could be derived from the one-graviton-exchange amplitude. The first formally correct and complete derivation of the 1PN Hamiltonian from the one-loop scattering amplitude of two scalar particles is due to Iwasaki [10] rived, for the first time, a next-to-leading-order, O(G 2 ) (second-post-Minkowskian, 2PM) Hamiltonian EOB description of the (non-spinning) two-body dynamics from the classical 2PM scattering angle [39] (This EOB description of the 2PM dynamics is equivalent, but simpler, than the one later derived in [22] , using a potential of the form of Eq. (1.1)); (iv) Ref. [47] derived (by using the 2PM-accurate metric of Ref. [38] ) a 2PM-accurate Hamiltonian EOB description of the gravitational interaction of two spinning bodies at linear order in spins; (v) a conjectural 2PM-level generalization of the 1PM result of Ref. [45] concerning the non-linear-in-spin dynamics of aligned-spin bodies was proposed in Ref. [48] .
The main aim of the present paper is to critically reexamine the basic conceptual issue of the link between the classical PM dynamics and the quantum amplitude M. Several tools have been presented in the literature [13-26, 32, 33 ] to retrieve the classical information contained in M. These tools gave a correct result at the 2PM (oneloop) level [19] [20] [21] . In addition, the 5PN-level truncation of the classical 3PM dynamics extracted from the twoloop result of Bern et al. [24, 25] (see also Ref. [49] ) has been recently confirmed by an independent, purely classical computation [50] . However, we shall show that the high-energy behavior of the classical 3PM dynamics of Refs. [24, 25] is incompatible with the high-energy behavior of the energetics of large-mass-ratio binary systems found some years ago by Akcay et al. [51] . This will lead us to conclude that the classical 3PM dynamics of Refs. [24, 25] is incorrect.
The other aim of the present work is to derive some structural properties of the classical scattering angle, χ, considered as a function of the various arguments in which it can be expressed: energy, angular momentum, impact parameter, and masses. This will allow us to derive several new results of direct importance for improving our current knowledge of the dynamics of two-body systems. In particular, we shall: (i) derive a property of the dependence of χ on the masses which was crucially used in Ref. [50] for determining most of the mass dependence of the 5PN-level dynamics; and (ii) obtain a precise constraint on the high-energy behavior of χ (derived from the SF result of Ref. [51] ). The latter high-energy constraint is incompatible with the recently presented 3PM-level results of Bern et al. [24, 25] , but suggests what type of correction should be brought to it. This will lead us to conjecture a new result for the 3PM dynamics that is compatible, at once, with the classically derived high-energy limit of Ref. [51] , with the 5PN-level O(G 3 ) scattering [50] , and with some structural features of the results of Refs. [24, 25] . Our new conjectured 3PM dynamics disagrees not only with the full results of Refs. [24, 25] , but also with the earlier two-loop, high-energy result of Ref. [26] .
In addition, a secondary aim of the present work is to clarify the various links between the three physical quantities involved in the above-mentioned maps: the classical scattering angle χ, the quantum scattering amplitude M (considered in a limit corresponding to classical scattering), and the two different potentials (EOB-type [20] or EFT-type [22] ) used to transcribe (classical or quantum) scattering observables into an Hamiltonian description. In this connection, we will explicitly derive below the map 3 between the 3PM-level classical Hamiltonian and the corresponding piece of the two-loop amplitude. Our 3PM-level map will be found to be fully compatible with the corresponding results in section 10 of Ref. [25] , but are more complete in that they detail the IR-divergent contributions coming from iterating the 1PM and 2PM levels, which also contribute IR-finite terms. Some of the results derived below (which have been presented in various talks [52] ), have been recently discussed from quite different (non-EOB-based) perspectives in two recent papers [53, 54] .
Technically speaking, we will be dealing below with the 3PM-accurate expansions (i.e., the expansions in powers of the gravitational constant G up to G 3 included) of various physical quantities: the classical (half) scattering angle expressed as a function of (center-of-mass) energy (E = √ s) and angular momentum (J),
(1.4) (see below the definitions of the dimensionless variables E eff , j and ν) the (relativistic) quantum scattering amplitude expressed as a function of Mandelstam invariants s = −(p 1 + p 2 ) 2 and t = −(p ′ 1 − p 1 ) 2 (in the mostly-plus signature we use), M(s, t) = GM 1 (s, t)+G 2 M 2 (s, t)+G 3 M 3 (s, t)+O(G 4 ), (1.5) and the PM expansions of the two (closely connected) types of EOB-type potentials describing the gravitational interaction of two classical masses. Namely, with u ≡ GM/R EOB , and now including the 4PM, O(G 4 ), contribution, Q(p, u) = u 2 q 2 (p) + u 3 q 3 (p) + u 4 q 4 (p) + · · · , (1. 6) and (withū ≡ GM/R EOB ; in isotropic coordinates) w(γ,ū) = w 1 (γ)ū + w 2 (γ)ū 2 + w 3 (γ)ū 3 + w 4 (γ)ū 4 + · · · (1.7) As we will explicitly discuss, these EOB potentials are equivalent (and simpler) than the more traditional type of potential V (x 1 − x 2 , p 1 , p 2 ) entering Eq. (1.1), and used in the EFT-type formalism of Refs. [22, 24, 25] . We briefly discuss in Appendix A the link between the EOB potentials and the PM expansion of the isotropic-gauge EFT-type potential [22] in the center of mass (c.m.) frame,
The precise technical meaning of the EOB potentials, Q(p, u) and w(γ,ū), will be presented below. On the right-hand side of (1.4) we have replaced the total c.m. energy of the two-body system , E = E real = √ s, by the corresponding dimensionless EOB "effective energy" [41] [42] [43] [44] ,
(1.9) Let us note in advance that, in scattering situations, E eff is equal to the relative Lorentz gamma factor of the incoming worldlines, denoted γ below (and σ in Refs. [24, 25] ). In addition, we have replaced the total (c.m.) angular momentum J by the dimensionless variable
(1.11) As 1/j = Gm 1 m 2 /J, the perturbative expansion of the (classical) scattering function in powers of the gravitational constant G (i.e. its PM expansion) is seen to be equivalent to an expansion in inverse powers of the angular momentum.
II. ON THE MASS DEPENDENCE OF THE
CLASSICAL TWO-BODY SCATTERING FUNCTION.
The aim of the present section is to extract from PM perturbation theory simple rules constraining the mass dependence of the scattering function at each PM order. Though their technical origin is rather simple, these rules turn out to give very useful constraints on the functional structure of the scattering function. The PM perturbation theory of interacting point masses has been worked out at the 2PM (one-loop) level long ago [37] [38] [39] . Recently, Refs. [20, 44, 47] have outlined a formal iteration scheme for computing the PM expansion of the scattering function to all PM orders, and showed how it could be naturally expressed as a sum of Feynman-like diagrams (see Fig. 1 in [44] , and Figs. 1 and 2 in [20] ). Let us recall this construction. The PM expansion of the classical momentum transfer, i.e., the total change ∆p aµ , between the infinite past and the infinite future, of the 4-momentum p aµ = m a u aµ of the particle labelled by a = 1, 2 (dubbed the "impulse" in Ref. [32] ), is obtained by inserting on the right-hand side of the integral expression
the iterative solutions (in successive powers of G) of the combined system of equations describing the coupled evolution of the two worldlines
and of the metric g µν . The latter both mediates the interaction between the two worldlines, and is generated by them via Einstein's equations,
where u µ a ≡ g µν u aν and g = − det g µν . Here we need to work in some gauge (say in harmonic gauge), and, as we are discussing the conservative dynamics of two particles, we iteratively solve Einstein equations (2.3) by means of the time-symmetric classical graviton propagator (in Minkowski spacetime)
The crucial point for our present purpose is that this iterative procedure, which involves expanding in powers of G both the worldlines, say
x µ a (s a ) = 0 x µ a (s a ) + G 1 x µ a (s a ) + G 2 2 x µ a (s a ) + · · · , u aµ (s a ) = 0 u aµ (s a ) + G 1 u aµ (s a ) + G 2 2 u aµ (s a ) + · · · (2.6) and the metric
will yield, at each order G n , expressions that are actually homogeneous polynomials of degree n in the masses m a . E.g.
Here, we assume that the iterative solutions are systematically expressed in terms of the mass-independent data describing the two asymptotic incoming worldlines, say 0 x µ a (s a ) = x µ a0 + u µ a0 s a . See, e.g., section IV of Ref. [47] for an explicit example of the structure of the PMexpanded metric, and worldlines, expressed as explicit functionals of the incoming worldline data (and for a discussion of the logarithmic asymptotic corrections to the asymptotic free motions). From a geometric perspective, the latter incoming worldline data can be described by the two incoming 4-velocity vectors u µ 10 and u µ 20 , and by the vectorial impact parameter b µ = x µ 10 − x µ 20 (chosen so as to be orthogonal to u µ 10 and u µ 20 ). At the end of the day, one gets a PM expansion for ∆p 1µ = −∆p 2µ (expressed in terms of b µ /b, u µ 10 and u µ 20 ) that is, at each order in G, a polynomial in the masses. It can therefore be written as
(2.9) Here we displayed the leading-order term [35, 39, 44] and indicated that the higher PM contributions (described by
all contain m 1 m 2 as a common factor. Each PM contribution ∆ (n) µ is a combination of the three vectors b µ /b, u µ 10 and u µ 20 , with coefficients that are, at each order in G, homogeneous polynomials in Gm 1 and Gm 2 . By dimensional analysis, as the only length scale entering each order in the PM expansion 4 is the impact parameter b, we can write the three vectorial coefficients of the dimensionless ∆ (n) µ as polynomials in Gm 1 /b and Gm 2 /b, with coefficients depending only on the dimensionless quantity γ ≡ −u 10 .u 20 .
(2.10)
The latter quantity (denoted σ in Refs. [24, 25] ), which is the relative Lorentz factor between the two incoming particles, will play a central role in the following. Let us immediately note that it is equal to the dimensionless effective EOB energy of the binary system:
to be compared with the EOB definition (1.9). Let us now consider the magnitude of the (classical) momentum transfer, namely 13) which is related to the center-of-mass (c.m.) scattering angle χ via
The structure of the PM expansion of the vectorial momentum transfer (2.9) is easily seen to imply that
Three apparently trivial, but quite useful, pieces of information controlling the structure of this PM expansion are: (i) the homogeneous polynomial dependence in m 1 and m 2 (and therefore, by dimensional analysis, in Gm 1 /b and Gm 2 /b) at each PM order; and (ii) the exchange symmetry between the two masses; and (iii) the consideration of the test-particle limit where, say, m 1 ≪ m 2 . The exchange symmetry tells us that, for instance, Q 2PM
In other words, at each PM order, we will have a symmetric polynomial in m 1 and m 2 , with γ-dependent coefficients. In addition, the test-mass limit tells us that all the functions involving only one mass are equal to the corresponding function of γ appearing in the scattering of a test mass around a Schwarzschild black hole. Therefore, we have
The 1PM-level result (first line of (2.17)) was already used in [44] to show that the 1PM dynamics is equivalent (after using the EOB energy map) to geodesic motion in a linearized Schwarzschild metric of mass M = m 1 + m 2 .
Let us emphasize that the 2PM-level result (second line of (2.17)) gives a one-line proof that the 2PM fractional contribution to the momentum transfer (considered as a function of the impact parameter) of a two-body system is simply given by the formula,
where Q 2PM S (γ) denotes the function of γ obtained by computing the 2PM-accurate scattering of a test particle around a Schwarzschild black hole, namely (see, e.g., [20] )
The test-mass computation yielding (2.19) (equivalent to Eq. (3.19) in [20] ) is much simpler than the full, two-body 2PM scattering computation (involving complicated nonlinear terms and recoil effects) first done by Westpfahl [39] (and recently redone in [47] ). The simple link between the 2PM test-mass result and the two-body one was also recently discussed in Ref. [48] , but in a different context, and arguing from the structure of the socalled classical part of the one-loop amplitude [19, 21] , instead of our purely classical analysis above. Note that the mass-dependence we are talking about here has taken an especially simple form because we focussed on the variable Q as a function of γ and b. As we shall see next, the mass-dependence of the scattering angle χ as a function of γ and either b or j ≡ J Gm1m2 is more involved. Summarizing so far, we conclude that both the 1PM and 2PM two-body scattering can be deduced (without any extra calculation) from the 1PM and 2PM test-mass scattering.
Let us now consider what happens at higher PM orders. At the 3PM order, O(G 3 ), we conclude from the above results that the scattering depends not only on the test-mass-derivable function Q 3PM 11 (γ) = Q 3PM 22 (γ) = Q 3PM S (γ), but also on a single further function of γ, namely Q 3PM 12 (γ). Similarly, at the 4PM order, the full two-body scattering depends, besides the test-massderivable function Q 4PM 111 (γ) = Q 4PM 222 (γ) = Q 4PM S (γ), on a single further function of γ, namely Q 4PM 112 (γ) = Q 4PM 122 (γ). It is easy to generalize this result to higher PM orders. E.g., at 5PM, modulo the 1 ↔ 2 symmetrization, there will be terms ∝ m 4 1 , m 3 1 m 2 and m 2 1 m 2 2 . The first one of these is deducible from the test-mass limit, so that the full two-body 5PM scattering depends on only two nontrivial extra functions of γ. The same counting applies at the 6PM level where there will be (modulo 1 ↔ 2 symmetrization) terms ∝ m 5 1 (test-mass-deducible), m 4 1 m 2 and m 3 1 m 2 2 . The general rule is that, at the nPM order, there will appear only (using [· · · ] to denote the integer part)
non-test-mass-deducible functions of γ.
The latter result can be translated into a dependence on the symmetric mass ratio ν ≡ m 1 m 2 /(m 1 + m 2 ) 2 if one expresses m 1 and m 2 in terms of the total mass M = m 1 + m 2 , and of the two dimensionless mass ratios
such that ν ≡ X 1 X 2 . Indeed, an homogeneous, symmetric polynomial of degree n in the masses yields (after division by M n ) a sum k c k X k 1 X n−k 2 . Using X 2 ≡ 1 − X 1 and symmetrizing over 1 ↔ 2 yields a sum
What will be important here is the maximum power of ν entering such symmetric polynomials in the mass ratios. We note the following results
At the nPM order, after having factored the prefactor,
there appears such an homogeneous, symmetric polynomial of degree n − 1 in X 1 and X 2 . Finally, the PM expansion of the momentum transfer can be written as:
It is easily seen that, at all PM orders, the coefficient of ν 0 is simply the result given by the test-mass computation:
Let us now translate the above structural information into an information about the classical scattering function itself, i.e. the half scattering angle χ/2 considered as a function of the energy and angular momentum of the system. As indicated in Eq. (1.4), it is convenient to measure the total c.m. energy of the system by means of the dimensionless effective energy E eff = γ given by Eq. (1.9), and to measure the total c.m. angular momentum by means of the dimensionless variable j = J/(Gm 1 m 2 ), Eq. (1.10). We also need the relations connecting the c.m. total linear momentum P c.m. both to b, to J and to γ. These are (see Eqs. (7.6) and (10.27) in [20] )
From these links follows the following relation
Here we introduced some abbreviated notation for two dimensionless quantities crucially entering many equations, namely
[We will indifferently use the notation p eob or p ∞ .] Inserting these relations in the above expression of the momentum transfer Q, and computing sin
(2.31) yields sin
(2.32)
This reads more explicitly sin
Let us compare this expression to the usual way of writing the scattering function, namely (using γ ≡ E eff as energy variable and j ≡ J/(Gm 1 m 2 ) as angular momentum variable)
which implies
where
When comparing the definitions of the expansion coefficients χ n and χ n to the structural result (2.33) we find
Remember the fact that Q nPM (γ, ν) was proven above to be a polynomial in ν of degree d(n) (with γ-dependent coefficients). We then get the rule that
where P γ d(n) (ν) denotes a polynomial in ν of degree d(n) with γ-dependent coefficients. When transferring this information into a corresponding information for the expansion coefficients χ n (γ, ν) of 1 2 χ(γ, j), using Eqs. (2.36), it is easily seen that we have the same structure for them, namely
where P γ d(n) (ν) denotes another degree-d(n) polynomial in ν with γ-dependent coefficients.
We can combine this structural information with the knowledge of the test-mass limit of the χ n (γ, ν)'s. In the context of the functions χ n (γ, ν), the test-mass limit is simply the ν → 0 limit. Therefore, the ν → 0 limit of the various χ n (γ, ν)'s must coincide with the values χ Schw n (γ) of the scattering coefficients for a test particle in a Schwarzschild background. The latter values were computed in [20] with the results We then get the information that
As already implied by the discussion above, this fully determines the 1PM [35, 44] and 2PM [39, 47] scattering coefficients, namely
and
Note in passing that it is crucial, in order to find the ν-independence of χ 1 (γ, ν), to measure the energy by means of γ (i.e. the EOB effective energy), and not by means of the total c.m. energy E real = √ s = M h(γ, ν). Concerning the higher-order expansion coefficients, using the fact that h 2 (γ, ν) = 1 + 2ν(γ − 1) is a linear function of ν (so that a polynomial in ν can be reexpressed as a polynomial in h 2 (γ, ν)) they can be written in the following form
,
, (2.47) with the information that, at each PM order, the sum over k of the various numerators χ (k) n (γ) is equal to the Schwarzschild limit χ Schw n (γ). This implies, for instance, that at the 3PM level we can also write
where the last term vanishes when ν → 0. A similar structure describes the 4PM-level scattering, namely
In both cases, we see that the full 3PM and 4PM dynamical information is encapsulated in a single function of γ, namely χ
3 (γ) and χ
4 (γ), respectively. Let us note that in the high-energy (HE) limit (γ → ∞, i.e. p eob → ∞) we have the following asymptotic behavior of the test-mass-limit scattering coefficients where c χSchw n is a numerical constant. We shall argue below that the same asymptotic behavior (though with different numerical constants c χ n ) holds for the building blocks χ (k) n (γ) introduced above.
III. PM-EXPANDED EOB HAMILTONIAN AND EOB RADIAL POTENTIAL

A. EOB Hamiltonian in PM gravity
Refs. [20, 44] introduced a new, PM-based, approach to the conservative dynamics of two-body systems based on the the EOB formalism. This led to simple EOB descriptions of the 1PM [44] , 2PM [20] , and 3PM [49] Hamiltonians. Here, we will reconsider the 3PM EOB Hamiltonian derived from the quantum-amplitude approach of Refs. [24, 25] . Let us start by recalling the PM-EOB formalism of Refs. [20, 44] .
The basic feature of the EOB formalism [41] [42] [43] is to describe the two-body dynamics in terms of a one-body Hamiltonian, which describes the dynamics of the relative two-body motion within the c.m. frame of the two-body system. The simplest way to define the EOB Hamiltonian is to say that: (i) the ("real") c.m. Hamiltonian of the two-body system is related to the conserved energy E eff of the "effective" dynamics by Eq. (1.9), i.e.
and, (ii) the effective energy E eff is related to the dynamical variables R, P describing the relative c.m. dynamics via a mass-shell condition of the form
where g µν eff is the (inverse of an) effective metric of the form
3) and where Q(X µ , P µ ) is a Finsler-type additional contribution, which contains higher-than-quadratic in momenta contributions. The time-invariance, and spherical symmetry, of the effective metric (and of Q), implies (for equatorial motions) the existence of the two conserved quantities P 0 and P ϕ , which are respectively identified with
For any given additional mass-shell contribution Q expressed as a function of R, P, and E eff , say Q = Q(R, P, E eff ), the effective Hamiltonian E eff = H eff (R, P) is then obtained by solving
5)
with respect to E eff , and then inserting the result in the real, two-body Hamiltonian (3.1). In a PM framework, i.e. when working perturbatively in G, it was shown in [20, 44] that: (i) the effective metric can be taken to be a Schwarzschild metric of mass M = m 1 + m 2 ; and (ii) one could (by using some gauge freedom) construct Q so that it depends only on R = |R| and some energy-like variable ( "energy gauge"). There are two simple choices for defining such an energy-gauge. Using the shorthand notation u ≡ GM R , (3.6) one can either write Q as a function of u and E eff , 7) or, one can express Q as a function of position and momenta by writing 
The second form was initially advocated in [20] because it allows one to explicitly solve the mass shell condition (??) for E eff as a function of position and momenta, namely
(3.10)
However, Ref. [20] also used the first form (3.7) because of its usefulness in getting an explicit energy-dependent potential that can be easily quantized. As indicated by the notation used in Eqs. (3.7), (3.8), the difference between the expansion coefficients Q n entering these two perturbative expansions starts at order G 4 . This follows from the fact that Q itself starts at order G 2 , as a consequence of the remarkable fact that the 1PM dynamics can be mapped onto the geodesic dynamics of a particle of mass µ moving in a Schwarzschild background of mass M [44] ). In the following we will mostly work with the first, Eform of the energy gauge. It will be also be convenient to work with dimensionless, rescaled quantities, say
and to denote the PM expansion coefficients of Q simply as q n ≡ Q n /µ 2 , e.g.,
where we used Eq. (2.11) to write E eff ≡ E eff /µ simply as γ.
B. Energy-dependent, radial scattering potential within the EOB framework
In the previous subsection we recalled how PM gravity can be encoded, within the EOB formalism, by means of a PM-expanded mass-shell function Q(R, P, E eff ). When discussing the quantum scattering amplitude corresponding to a given PM-expanded Q, it was found convenient in [20] to transform Q into an equivalent PM-expanded, energy-dependent radial potential W (R, E eff ). Let us recall this transformation.
Most of the past work in EOB dynamics has found it convenient to represent the EOB effective metric (3.3) by using a Schwarzschild-like radial coordinate, i.e. by choosing a coordinate R such that the coefficient C(R) of dθ 2 + sin 2 θdϕ 2 is equal to R 2 . In keeping with the latter usage, we shall denote simply by R such a Schwarzschildlike radial coordinate, and by u the corresponding quantity GM/R. On the other hand, when discussing the effective potential describing the scattering dynamics, it is convenient (following the 2PM-level treatment of Sec. X of Ref. [20] ) to use isotropic coordinates, i.e. a new radial coordinate, sayR, such that C(R) =R 2 B(R)) for the Schwarzschild metric entering the EOB mass shell condition (3.5) . The link between R andR is
In these coordinates, the usual formulas A(u) = 1 − 2u = 1/B(u) transform intō
where we added a bar on A, and B (and on the argument u), to recall the use of isotropic coordinates. We shall denote the Cartesian coordinates linked in the usual way toR, θ, ϕ as X i = X, and the corresponding (covariant) momenta P i as P (for simplicity we do not put bars on X and P). The E-type mass shell condition then directly leads to an energy-dependent quadratic constraint on the momenta of the form
and where the energy-dependent "potential" W is given by
The radial potential W (ū, P ∞ ) tends to zero at large distances (i.e. whenū = GM/R → 0) and can be rewritten as
Its PM expansion directly follows by combining theū expansion of the metric functionsĀ(ū),B(ū), with the PM expansion of Q E (ū, E eff ). It reads
It is often more convenient to work with a rescaled version of these results in which one uses the dimensionless variables
One then has
The rescaled potential w(ū, p ∞ ) has the following PM expansion
Note that these results mean that the relativistic (scattering) dynamics of a two-body system can be mapped (by using the EOB framework) onto the nonrelativistic dynamics of one particle of mass µ in an energy-dependent radial potential.
We can now use Eq. (3.25) to compute the link between the (rescaled) coefficients w n (γ) entering the PM expansion of the (rescaled) potential w(ū, γ), and the coefficients q E n (γ) entering the PM expansion of the energygauge Q function entering the EOB mass shell condition (3.2). The Q term is numerically independent of the radial gauge used in EOB effective metric (3.3), but we must distinguish the functions u → Q E (u, γ) and u → Q E (ū, γ). We shall denote their respective PM expansion coefficients as
The relations between the q n 's and theq n 's is easily obtained from Eq. (3.14) . For instance, we havē
We can then express the expansion coefficients w n (γ) of the EOB potential either in terms of the q n 's or thē q n 's. More precisely, the coefficient of 1/r entirely comes from the linearized Schwarzschild metric and reads [20] 
while the coefficients of higher powers of 1/r are related to theq n 's via
i.e.
At the 2PM level, it was shown in [20] that
where we recall that h(γ, ν) = 1 + 2ν(γ − 1), so that
.
The current knowledge on the values of the 3PM coefficients q 3 (γ, ν) and w 3 (γ, ν) will be assessed below.
C. Scattering function and scattering invariants of an energy-dependent radial potential
Refs. [20, 44] showed how to derive the scattering function χ(E eff , J) directly from the Q-form of the EOB PM dynamics. An equivalent, alternative procedure is to derive χ(E eff , J) from the EOB radial potential W (ū, P ∞ ) corresponding to the Schwarzschild-metric-plus-Q formulation. Actually this link is very general and applies to any dynamical formulation involving a radial potential.
The usual formulas of non relativistic potential scattering (recalled, e.g., in [44] ) yield
where the radial momentum P R (R; E eff , J) is obtained by solving the mass shell condition with respect to P R . When using an energy gauge, the mass-shell condition reads,
Here the (energy-gauge) potential W (ū, P ∞ ) (where we recall thatū = GM/R and P ∞ = E 2 eff − µ 2 ) does not depend on the angular momentum J. We can then write (as in usual non relativistic potential theory)
, (3.38) where R min = R min (E eff , J) is the radial turning point defined by the vanishing of P R . In terms of rescaled variables (including j = J/(GM µ)), this reads
One must use the positive squareroots in the integrals above. which go from the radial turning points (R min or r min ) to infinity. In terms of the variableū = 1/r = GM/R, the above integral reads (withū max ≡ 1/r min )
Introducing the integration variable
The PM expansion of w(u) yields the following large-j expansion of w( x j , p ∞ ):
where we introduced
Before doing any calculation, we see from the integral expression (3.43), with the expansion (3.44), that the scattering function χ(γ, j) will only depend on the coefficients
Moreover, as 1/j = O(G), the nth order term, ∝ G n , in the PM expansion of 1 2 χ(γ, j) = n χ n /j n must be a polynomial in the w m 's of total degree m i = n. In other words, the coefficient χ n of 1/j n must be a polynomial in the w m 's of total degree m i = n. This trivial remark suffices to prove that all the coefficients w n (γ) are gauge-invariant functions, independent of any canonical transformation (reducing to the identity when G → 0) acting on the rescaled dynamical variables x and p (or on their unrescaled versions X, P).
To have more information on the physical meaning of the various gauge-invariant coefficients w n (γ), one needs to explicitly compute the PM (or 1/j) expansion of the integral expression (3.43). One a priori technical difficulty is that if one straightforwardly expands the integral on the right-hand side (rhs) of Eq. (3.43) in powers of G, i.e. in powers of w( x j , p ∞ ) = O(G), one generates formally divergent integrals. In addition, the upper limit of integration (where the expanded integral diverges) depends also on G: x max (γ, j) = 1 + O(G). However, there is a simple way out. It was indeed shown in Ref. [55] , that the correct result for such an expanded integral is simply obtained by ignoring the expansion of the upper limit, and by taking the Hadamard partie finie Pf of the divergent integrals. This yields the expansion
(3.49) Each integral in this expansion (after reexpanding the nth power of w(x/j) = w 1 x/j + w 2 x 2 /j 2 + · · · in powers of 1/j = O(G)) is an integral of the type
Replacing, e.g., x by z 1 2 , the latter integral becomes an Euler Beta function (and its Hadamard partie finie is trivially obtained by analytical continuation in the original power − 1 2 → − 1 2 + ǫ, taking finally ǫ → 0). This yields for the coefficients χ n of the expansion of χ/2 in powers of 1/j
By inserting in Eqs. (3.51) the definitions (3.46) of the w n 's one gets the expressions of the χ n 's in terms of the coefficients w n of the potential W (ū). Relations equivalent to the latter relations have been also written down to 4PM order in Eq. (11.25) of [25] , and to all orders in [53, 54] . Then, by inserting in the latter expressions the expressions (3.32) of the w n 's in terms of the q n 's, we get the the χ n 's in terms of the coefficients q n of the EOB Q function. For instance, we get at the 2PM, 3PM and 4PM levels
where we mixed the use of γ and p ∞ ≡ γ 2 − 1. The first two links (at the 2PM and 3PM levels) have already been obtained (by using the Q route) in [20] , see Eqs.
(5.6), (5.6) and (5.8) there. We recall that the q n 's are functions both of γ and of the symmetric mass ratio ν, and that q n → 0 as ν → 0. This implies in particular that the q n → 0 limits of the rhs's of the above equations are simply the values χ Schw n of the χ n 's for a test particle moving in a Schwarzschild background (as given in Eqs. The above-derived links between χ n , q n and w n can be used in various ways. In particular, if one has derived the scattering coefficients χ n up to some PM level, one can directly deduce from them the values of the corresponding q n 's and w n 's. This the way Refs. [20, 44] derived the values of the q n 's and w n 's at the 1PM and 2PM levels. Let us summarize these results here.
Concerning the 3PM level, we have seen above that it depends on the knowledge of a single function of γ, entering as the coefficient of
and introduce two other functions of γ, A(γ) and C(γ), constrained to identically satisfy
With this notation (and p ∞ ≡ p eob ≡ γ 2 − 1), our results above give the following structural information at the 3PN level
If we further introduce the notation
we can rewrite Eq. (3.61) as
This shows that the function C(γ) directly parametrizes the 3PM scattering coefficient χ 3 via the expression
Let us now discuss what is our current knowledge of χ 3 (γ, ν), and therefore of the function C(γ). From the O(G 3 ) term in the 4PN-accurate expression of the scattering angle derived in Ref. [56] , one can straightforwardly derive the following 4PN-accurate value of the function C(γ) (expanded in powers of p ∞ = p eob ):
Very recently, a new method [50] allowed one to compute the 5PN-level term in the O(G 3 ) scattering angle, with the result
(3.68) On the other hand, the quantum-amplitude approach of Refs. [24, 25] resulted in the computation of a classical value for χ 3 (γ, ν) (see Eq. (11.32) of Ref. [25] , and Ref. [49] ), from which one can derive the following value of the function C(γ):
where we used the shorthand notation
Note in passing that the expression obtained by replacing Eq. (3.69) in the above formula for χ 3 is simpler than (though equivalent to) Eq. (11.32) of Ref. [25] . In particular, the a + b/h 2 structure of χ 3 is present (though somewhat hidden) in their Eq. (11.32).
We will argue below that the expression (3.69) is incorrect, and must be replaced by the following one
The latter (conjectural) value of C(γ) is uniquely determined by combining the 5PN-level value (3.68) with two other requirements that will be discussed below. Let us note here that C B (γ) and C c (γ) start differing at the 6PN level. Indeed, while the 6PN-accurate expansion of (3.69) reads
computation can therefore discriminate between the two expressions. We can only note at this stage that the growth of the denominators in (3.73) is apparently more regular than the one of (3.72). Let us note, for future uses, other (simpler) forms of the arcsinh function, namely
where we recall that p ∞ ≡ γ 2 − 1, and
Here v ∞ denotes the (Lorentz-invariant) asymptotic relative velocity between the two bodies
Note that in the slow-velocity limit (γ → 1, or p ∞ → 0)
so that the ratio as(γ)/ γ 2 − 1 = as(γ)/p ∞ entering C B (γ) has a smooth slow-velocity limit
and is an even function of p ∞ .
IV. MAP BETWEEN THE 3PM EOB POTENTIAL AND THE QUANTUM SCATTERING AMPLITUDE
A. Prelude: quasi-classical scattering amplitude associated with the classical scattering function
As a prelude to our discussion of the link between the quantum scattering amplitude and the classical dynamics, let us mention a direct way of using the scattering function 1 2 χ( E eff , j) for constructing the quasi-classical (Wentzel-Kramers-Brillouin) approximation to the quantum scattering amplitude.
Let us start by clarifying the notation we shall use for the scattering amplitude M. The Lorentz-invariant amplitude M is defined from the two-body scattering matrix by
Starting from the dimensionless Lorentz-invariant amplitude M(s, t), it is convenient to introduce the associated amplitude f R (θ) defined as
The amplitude f R (θ) has the dimension of a length, and is related to the differential c.m. cross-section via dσ = |f R (θ)| 2 dΩ c.m. . Let us then consider the partialwave expansion of the amplitude, written as In the expansion (4.3), δ l denotes the (dimensionless) phase shift of the partial wave corresponding to the c.m. angular momentum L = l, where l = 0, 1, 2, . . .. In the classical limit we can identify the quantized total c.m. angular momentum L with J. In terms of the dimensionless quantities l and δ l entering the expansion (4.3), a quasiclassical description of the dynamics a priori corresponds to a case where both of them are large: l ≫ 1 and δ l ≫ 1. This is formally clear because l = L/ , while, for potential scattering, the quasi-classical (Wentzel-Kramers-Brillouin) approximation to the phase shift is δ l ≈ ∆S L / where ∆S l is the (subtracted) half-radial action along a classical motion with angular momentum L [57, 58] . Most useful for our present purpose is the fact that the phase-shift δ l is linked, in the classical limit, to the scattering angle χ by
When expressing l ≡ L/ ≡ J/ in terms of the classical dimensionless angular momentum j ≡ J/(Gm 1 m 2 ), the latter result reads
where we defined (as in [20] ) the following dimensionless version of
Equation (4.6) shows that δ l can be obtained (in the classical limit) by integrating over j the classical scattering function 1 2 χ( E eff , j). Using the PM-expansion (1.4) of 1 2 χ(j) (and E eff = γ), then yields the following expansion for δ l Ref. [20] had shown how to map the simple 2PMaccurate, energy-gauge EOB description of the two-body dynamics onto a corresponding quantum scattering amplitude, say M 2PM eob , and had checked that M 2PM eob agreed with what Refs. [18, 19] (later followed by Refs. [21, 23] ) had computed as being the "classical part" of the G 2accurate quantum scattering amplitude. In this section we extend this result to the 3PM level. More precisely, we shall show that the extension of the map defined in Ref. [20] leads to a 3PM-accurate amplitude, M 3PM eob , which coincides with what Refs. [24, 25] computed as being the "classical part" of the G 3 -accurate quantum scattering amplitude.
Let us start by recalling that the approach of Ref. [20] is simply to quantize the classical, energy-gauge EOB mass-shell condition, i.e. to quantize the motion of a particle of mass µ moving in a nonrelativisticlike radial potential. Indeed, the energy-gauge EOB mass-shell condition has the form
and where, to ease the notation, we henceforth suppress the bar over the isotropic EOB radial coordinate R = |X| (and its rescaled avatar r = R/(GM ) =r). The canonical quantization of X and P, i.e.
[X i , P j ] = i δ i j (4.11)
is equivalent to solving the fixed-energy Schrödinger equation in the energy-dependent radial potential W (R, P ∞ ). As in the classical problem, it is convenient to replace the canonically conjugated variables X, P by their (dimensionless) rescaled avatars x ≡ X/(GM ) and p ≡ P/µ (with r ≡ |x|), satisfying the following rescaled commutation relation:
Here (following [20] ) denotes the (dimensionless) rescaled version of defined in Eq. (4.7). In terms of these rescaled variables the mass-shell condition determining p reads
where, as we have seen, the PM-expansion of the rescaled radial potential w ≡ W/µ 2 reads
One should keep in mind that, as 1 r = GM R , a contribution to the potential ∝ 1/r n is of order O(G n ).
The quantization of the EOB mass-shell condition (4.13) yields the following time-independent Schrödinger equation (here truncated at the 3PM level)
(4.15) In other words (as was already pointed out in [20, 52] ), the quantization of the isotropic-coordinates formulation of the EOB dynamics of two spinless particles leads to a potential scattering, with an energy-dependent potential which is a deformation of a Coulomb potential w1 r by higher inverse powers of r ≡r: w2 r 2 + w3 r 3 + · · · . Given an incoming state |k a = ϕ a = e ika·x in the infinite past, impinging on this EOB-potential w, the scat-
Here ψ + a is the stationary retarded-type solution of the scattering equation (4.15) describing the incoming state |k a = ϕ a = e ika·x in the infinite past, and having the following asymptotic structure at large distances
where Ω denotes the polar coordinates of x on the sphere of scattering directions. The crucial point of Ref. [20] was that, modulo a simple rescaling, namely (see below)
the EOB scattering amplitude could be identified, at the then existing O(G 2 ) approximation, with the so-called classical part [18, 19] of the quantum gravity amplitude M. When rewriting Eq. (4.18) in terms of the corresponding "non-relativistically-normalized" amplitude, say M NR , as used in Refs. [22, 24, 25] , we have
is the asymptotic value of the symmetric energy ratio ξ defined in [22] (see also Eq.(A14) below).
In the dictionary of Ref. [20] , the EOB scattering angle θ between k a and k b is directly equal to the physical c.m. scattering angle, as it enters the physical c.m. momentum transfer
This is the quantum version of the fact, proven in Ref. [44] , that the classical EOB scattering angle coincides with the corresponding c.m. scattering angle. On the other hand, one must remember that the various momenta and wave vectors, p ∞ = γ 2 − 1, k a , k b , q, entering the EOB description differ by some rescaling factors from the corresponding physical c.m. ones. First, the link between p eob ≡ p ∞ = γ 2 − 1 and the physical c.m. momentum is
In addition, the conserved norm of the (rescaled) wave vector, k = |k a | = |k b |, is related to p ∞ = γ 2 − 1 via
so that the rescaled momentum transfer reads
As a consequence of these relations, we have the link
Rewriting the link (4.18) in terms of the relativistic (partial-wave) amplitude f R , defined by Eq. (4.2), leads to the following relation between f R and f eob :
Note that while f R has the dimension of a length, f eob is dimensionless. The partial-wave expansion of f eob is, in close parallel to Eq. (4.
3),
with the same phase shifts, but a prefactor p∞ = 1 k which is dimensionless, because of our various rescalings. At the conceptual level, the relative normalization factor given in Eq. (4.18) is most clearly understood by saying that the pure phase-shift, dimensionless factor, say
of the real amplitude M coincides with the corresponding EOB one. An alternative way [20] to derive the relative normalization between M and f eob is to compare the LO value, (4.58), of M to the corresponding LO value, w 1 /( 2 q 2 ), of f eob , as given in Eq. (10.23) of [20] , and below.
Let us now derive the 3PM-accurate value of the EOB scattering amplitude f eob , and compare it to the result of Refs. [24, 25] . It can be written as
denotes the first Born approximation to f eob (which is linear in the potential w), while
denotes the sum of the terms coming from higher order Born iterations (which are nonlinear in the potential w).
The explicit form of the first Born approximation to f eob is defined by replacing in Eq. We recall that the EOB potential, w(r), Eq. (4.14), is a sum of contributions n w n /r n coming from successive PM approximations, i.e. w n /r n = O(G n ). This generates a corresponding sum of contributions in the first Born approximation (4.31), namely
with
This is easily computed from the value of the Fourier transform of 1/r n , which is (in space dimension d)
The Fourier transforms of the 1/r (1PM) and 1/r 2 (2PM) potentials are convergent in dimension d = 3,
while the 3PM-level 1/r 3 potential leads to a UV (r → 0) divergence whose dimensional regularization (d = 3 + ǫ) yields the result:
where, in the last line, we denoted by Λ a UV cutoff (in its EOB-rescaled version). This yields
When inserting in this result the values of w 1 and w 2 derived in [20] , and the value of w 3 obtained by inserting (3.69) in Eqs. (3.62), (3.63), and using the above-defined rescalings, it is straightforwardly checked that this yields
where, following the notation used in Refs. [24, 25] , M ′ i , i = 1, 2, 3, denote the IR-finite parts of the classical part of the amplitude M derived there (written in Eqs. (13) and the first three lines of Eq. (8) in [24] ). However, we work here with the Lorentz-invariant amplitude M, i.e. we do not include the factor (4E ∞ 1 E ∞ 2 ) −1 . [At the technical level, Eq. (4.39) means that, at the 3PM level, the EOB potential coefficient w 3 can be simply identified with −1/ 6h 2 (γ, ν) times the bracket [3 − 6ν + 206νσ + · · · ] multiplying log q 2 in Eq. (8) of [25] .] The latter simple link between the Fourier transform of the EOB energy potential and the IR-finite part of the classical part of the amplitude M of Refs. [24, 25] has also been pointed out in recent works [53, 54] , however, we wish to emphasize that it is in great part tautological (in the sense that it follows from definitions). Indeed, on the one hand (as clearly recognized in Ref. [54] ) the EOB formulation [20] of the map between the classical dynamics and the amplitude M trivially shows that the linear-in-potential part of M is simply given by the Fourier transform of the EOB energy-gauge potential (as was explicitly explained in several recent talks [52] ), and, on the other hand Refs. [24, 25] are actually defining M ′ i by selecting the parts of the total two-loop amplitude which satisfy two criteria: (i) to correspond to the ∼ G/q 2 , ∼ G 2 /q and G 3 ln q terms that are precisely corresponding to the classical dynamics; and, (ii) to have been amputated of the extra contributions coming from iterated Born approximations of the type denoted M ′′ eob ≡ 8πG s f w 2 +w 3 +... eob above. Indeed, as is stated in Ref. [25] , and as we shall now check, the latter terms are precisely the IR-divergent contributions left in the form of integrals in Eq. (9.3) of Ref. [25] . In other words, given the simple EOB map of Ref. [20] , and given the methodology of extracting the so-called classical part of M proposed in [22] , and implemented in [24, 25] , the apparently striking result (4.39) is a tautology. As we shall discuss next, we wish to raise doubts about the validity of the consequences for classical dynamics derived from the link (4.39).
We will critically reexamine the (conceptual and technical) validity of the methodology used in Refs. [22, 24, 25] in the next subsection. For this purpose, it will be useful to have a detailed view of the structure of the iterated Born approximations M ′′ eob ≡ 8πG s f w 2 +w 3 +... eob that must be added to the linear-in-potential contribution M ′ eob ≡ 8πG s f w eob . As w n = O(G n ), the 3PM (O(G 3 )) accuracy necessitates to consider both the second iteration (with contributions proportional to w 2 1 and w 1 w 2 ), and the third iteration (with contributions proportional to w 3 1 ). [The 3PM-level contribution coming from w 3 /r 3 is included in the first Born approximation, and does not need to be iterated.] The iterations of the Coulomb-type w 1 /r potential can actually be deduced from the known, exact Coulomb scattering amplitude [57] . Alternatively, one can extract both the first two iterations of the w 1 /r potential (O(w 2 1 ) + O(w 3 1 )) and the mixed iteration of the w 1 /r and w 2 /r 2 potentials (O(w 1 w 2 )) from an old result of Kang and Brown [59] . Indeed, the latter reference computed the higher-Born approximations for the Coulomb scattering amplitude of a Klein-Gordon particle, i.e. for the wave equation
whose potential involves both a w KG 1 /r = −2EZe 2 /r potential and a w KG 2 /r 2 = +(Ze 2 ) 2 /r 2 one. Transcribing the results of Ref. [59] in terms of our scattering equation (4.15), and adding the direct O(G 3 ) contribution f w3 eob , Eq. (4.33), generated by w 3 /r 3 , yields explicit forms of the various Born-iterated contribtutions. We introduce the notation 
is the dilogarithm function. All the above iterated contributions are clearly IR divergent because they all contain a term proportional to the IR-divergent Coulomblike phase δ 1 . Adding all those iterated Born contributions to the first-Born approximation 2 f w eob yields the complete 3PM-accurate EOB amplitude
Let us note in passing that the 3PM-expanded amplitude (4.48) is compatible with the fact (proven by Weinberg [60] ) that the (gravitational) IR-divergent Coulomb phase δ 1 exponentiates, i.e. that one can factorize f eob as
where the terms within the square brackets are IR-finite. As already explained, the methodology used in [24, 25] consists of discarding the various IR-divergent (Borniterated) contributions (4.42), (4.43), (4.44), in (4.48), thereby retaining only the linear-in-w ones. This means in particular that Refs. [24, 25] set aside not only the IRdivergent term proportional to δ 1 w 2 , but also its Borniterated partner ∝ w 1 w 2 (recall that δ 1 ∝ w 1 ). They then considered as only IR-finite O(G 3 ) contribution the last term (proportional to ln q) in Eq. (4.48), namely − w 3 ln q Λ .
(4.50)
As we shall discuss next, a different IR-finite result would have been obtained if one had (following Weinberg) first factored e δ1 , and then taken the small-q limit. Let us, indeed, discuss the small-angle limit, q → 0, and therefore x → 0, of the complete 3PM EOB amplitude (4.48). We have the expansion
Here, the leading term O(x) in the imaginary part modifies the Coulomb phase factor (1 + δ 1 ) in front of the w 2 /q ∝ w 2 /x term. The terms O(x 2 ) (both in the imaginary part and in the real part) yield (after division by the q 2 prefactor) contributions ∝ q 0 , which are the Fourier transforms of contact terms. Of most interest for our discussion of the non-analyticin-q contributions in the q → 0 limit, is the fact that the O(x 2 ln x) term in the small-x expansion of the function x B 29 (x) yields the following additional contribution to the amplitude
This contribution has the same ln q structure as the linear-in-w contribution coming from w 3 /r 3 . Summarizing: the real part of the 3PM, O(G 3 ), amplitude contains the following contributions (where we recall that k = p ∞ / )
C. General concern about the link between a quantum scattering amplitude and classical dynamics Before discussing some specific technical doubts about the application of the methodology of Refs. [22, 24, 25] to the 3PM amplitude, we wish to raise a general concern about the program of transferring information between a quantum scattering amplitude and classical dynamics.
Several recent works have discussed the issue of the relation between M and classical dynamics, see Refs. [13-20, 22, 24, 25, 32, 33, 53] . In particular, some one-way maps between (EOB or EFT) Hamiltonians describing the classical dynamics and the scattering amplitude have been defined, and implemented at both the 2PM [20, 22] and 3PM levels [24, 25] . However, we wish here to point out several subtleties and ambiguities (notably at the 3PM level) in the use of these one-way maps (going in the direction classical → quantum) to infer, in the reverse direction, information about the classical dynamics from a (partial) computation of the quantum amplitude. These concerns (which have been notably raised in [52] ) have not been explicitly addressed in the recent literature.
The basic idea of extracting classical information from an amplitude is simply that a same theory (namely GR) is underlying both the classical and the quantum dynamics, so that there should exist some "classical limit" under which it should be possible to extract the classical dynamics from a quantum scattering amplitude. [This idea was already the one of Refs. [6] [7] [8] [9] [10] [11] .] It seems that many recent papers simply assumed the existence of a " precise demarcation between classical and quantum contributions to the scattering amplitude" (as formulated in the Introduction of [25] ). We wish to stress that the existence of such a demarcation is a priori unclear for a variety of related issues. First, let us recall the basic fact (repeatedly stressed in [12, 57] ) that the domain of validity of the standard quantum scattering perturbation expansion (Born-Feynman expansion) does not overlap with the domain of validity of the standard classical scattering perturbation expansion when considering a Coulomblike potential V = Z 1 Z 2 e 2 /r + O(1/r 2 ), or V = −GE 1 E 2 /r + O(1/r 2 ) in the gravitational case.
Here, E 1 and E 2 denote, say, the c.m. energies of two colliding particles (we set c = 1). Indeed, the quantum expansion is a priori valid when the dimensionless ratios (v denoting the relative velocity)
while the domain of validity for a quasi-classical description of the scattering is just the opposite, namely
At the formal level of considering limits for , the classical domain of validity (4.55) does correspond to the expected limit → 0, while the quantum domain of validity (4.54) corresponds to the less usually considered formal limit → ∞. The necessity of the inequalities (4.55) and (4.54) can be seen in various ways. On the one hand, the LO contribution to the phase shift δ l explicitly reads
It is easily seen that the coefficient of the logarithm is, for all values of the relative velocity, of order α g /v =
. When a precise definition of the relative velocity v will be needed, we shall define it as
(4.57)
This directly confirms that the classicality condition (4.55) corresponds to large phase shifts δ l ≫ 1, which is one of the standard conditions for the validity of the classical limit.
On the other hand, let us recall the basic structure of the perturbative expansion of the quantum scattering amplitude M. The LO (O(G/ )) contribution to M coming from a one-graviton exchange in the t-channel (discarding the u-and s-channel contributions), reads (see, e.g., Refs. [21, 61] )
, so that Q 2 = −t. When considering, for orientation, a generic relativistic collision, with large velocities v ∼ 1, and significant momentum transfers, Q 2 = −t ∼ s, the order of magnitude of the LO contribution (4.58) is
Here, we introduced the gravitational analog of the quantum electrodynamics coupling constant α = e 2 / (or, more generally, Z 1 Z 2 e 2 / ), say How can one hope to bridge the gap between the classical domain (4.55), and the quantum one (4.54) ? If we could control the exact dependence of the function M(s, t, α g ) for all values of α g (both small and large), it would be straightforward to read off the classical dynamics (say via the use of the quasi-classical phase shifts (4.8)). However, we often have only knowledge of the first few terms in the Born-Feynmann (small α g ) expansion of M(s, t, α g ). Several suggestions have been made in the recent literature for extracting classical information from M. On the one hand, Refs. [17-19, 22, 24, 25] have emphasized that a crucial tool for retrieving classical information from M is to focus, at each order in the formal Born-Feynman expansion in powers of α g = GE1E2 on a secondary expansion in Q c.m. . As the corresponding small dimensionless parameter is Q c.m. /P c.m. = 2 sin θ 2 , this corresponds to a small-scattering-angle expansion. The intuitive idea is here related to the fact that the classical PM expansion is a large-impact-parameter limit, corresponding to a small-scattering-angle limit. On the other hand, Refs. [21, 23, 26, [62] [63] [64] [65] have emphasized the usefulness of focusing on the so-called eikonal approximation, under which one can hopefully prove that part of the perturbative expansion of M can be resummed by exponentiating a suitably defined "eikonal phase". However, there are subtleties about which perturbative diagrams do exponentiate (see, notably, [65] ), and we are not aware of the existence of proven results at the 2-loop level. Let us also mention that a different approach for extracting classical results from M has been pursued in Refs. [32, 33] .
D. Technical ambiguities in the definition of the classical part of the O(G 3 ) quantum scattering amplitude
Let us now discuss some specific technical issues suggesting that the derivation in Refs. [24, 25] of a classical scattering function from a truncated quantum amplitude might needs some correction. We wrote down above the amplitude derived from quantizing the classical 3PM potential in the form (4.53) (which displays O(G 3 ) contributions coming from O(w 3 1 ) and O(w 1 w 2 ) Born iterations) to illustrate the following points.
The methodology of Refs. [22, 24, 25] consists in attempting to identify, within the full (or a truncated version of the) amplitude f R (s, t) the classical-related contribution −w 3 ln q as it appears in the EFT scattering amplitude f EFT generated by a classical two-body potential. [Here, we can identify (modulo normalization) f EFT with the EOB one f eob which is generated by a classically equivalent potential w(r).] One knows that the full amplitude f R (s, t) contains much more physics than its classical-related one f EFT = f eob . This is why the authors of Refs. [22, 24, 25] proposed both to discard part of the integrand of f R (s, t), and, in addition, to integrate the remaining integrand only on a subdomain of loop-space supposed to correspond to the classicallyrelevant domain. We have two sorts of doubts concerning the validity of this procedure.
First, let us stress once more the fact that the perturbative expansion of the amplitude is an expansion in powers of α g = GE 1 E 2 / . It is therefore a priori valid only when α g ≪ 1. By contrast, the classical information we are interested in is fully encoded in the PM expansion of the scattering angle, and quasi-classical motion must correspond to actions much larger than , and therefore to large phase shifts. Eq.(4.56) above, which implies that δ LO l ∼ α g , makes it clear both that large phase shifts corresponds to α g ≫ 1, and that the need to have α g ≫ 1 is not alleviated by focusing on small scattering angles. Indeed, considering small angles only affects the approximation one can use for the Legendre polynomials P l (cos θ) in the partial wave expansion (4.3) [57, 58, 66] . One would need to control the large α g behavior of some sort of resummed version of the perturbative expansion of
(4.62) to be able to safely recover the classical information. The eikonal resummation programme is aiming at doing so, but it has not been implemented at the needed level.
Let us further list some more specific arguments suggesting that it is ambiguous to try to extract from the perturbative expansion (4.62) the corresponding classical PM-expanded information encoded. At the oneloop level (second order in α g ), there appears, when considering the t/s ≪ 1 limit (or q → 0), a nonanalytic ln q term [13] [14] [15] [16] 23] . This term corresponds to a quantum modification of the LO gravitational potential −Gm 1 m 2 (2γ 2 − 1)/R (in physical units) by an an additional term of the type (L 2 P ≡ G denoting the squared Planck length) i.e. a modification of the 3PM coefficient w 3 of the type
Here the dimensionless coefficient A(γ, ν) has a finite limit at low velocities (γ → 1) [13] [14] [15] [16] , but grows logarithmically at high energies (γ → ∞) [23] . More precisely, Ref. [23] found that the logarithmically growing part of A(γ, ν) comes from a factor proportional to the same arsinh function entering the result of Ref. [24] , denoted as(γ) above. We note that, in the domain of validity of the perturbative regime α g → 0, i.e. → ∞, the one-loop contribution (4.65) to w 3 is parametrically larger than the (3PM-level) value w B 3 derived from the two-loop amplitude of Ref. [24] . There is then no guarantee that a formal analytic continuation of the perturbative two-loop computation to the classically-relevant domain where α g ≫ 1, i.e. ≪ 1 will be valid.
In addition to this argument, we would like to emphasize that the structure of the perturbative O(G 3 ) result (4.53) suggests specific ambiguities in the formal extraction of the correct classical value of w 3 from the perturbative O(G 3 ) amplitude. Indeed, the main idea of Ref. [24] for extracting w 3 is to read off the coefficient of ln q in a truncated amplitude obtained by keeping only some hopefully, classically relevant diagrams. Among the kept diagrams we have, in particular, diagrams that represent some exact counterparts of the Born-iterated terms ∝ w 3 1 and ∝ w 1 w 2 . [For instance, the first (ladder) diagram in Figure 14 of [24] represents an exact analog of the w 3 1 contribution in (4.53) .] But we would expect that this correspondence is only approximate because the exact quantum gravity diagrams contain much more physics than their potential-scattering analogs. In particular, we see on Eq. (4.58) that any one-graviton exchange (between the massive lines) in a diagram will enter with a strength which is not exactly given by the classical coupling 2G[2(p 1 · p 2 ) 2 − p 2 1 p 2 2 ] = 2Gm 2 1 m 2 2 (2γ 2 − 1) = Gm 2 1 m 2 2 w 1 , but which is corrected by terms of order q 2 . [We are aware of the rough nature of this statement when it concerns one ladder rung among several rungs, and we are also aware that in principle the exact integration of the exact quantum gravity integrand would take into account all such effects. However, we think that this argument has heuristic value because of the neglect of some other diagrams in [24] .] We can then think that in the potential-scattering analog of the triple-iterated one-graviton exchange, namely the first term in (4.53), one should insert an effective value of w 1 corrected by an O(q 2 ) term. This suggests that the 1/q 2 denominator in the first term of (4.53) might be compensated, so that the exact, triple-iterated analog of the first term of (4.53) might yield a contribution proportional to the square of an IR-divergent Coulomblike logarithm. Further expanding the squared logarithm (we recall that our variable q is dimensionless), ln q λ 2 = (ln q) 2 − 2 ln q ln λ + (ln λ) 2 , (4.66)
makes it thinkable that the exact analog of the tripleiterated contribution might provide a linear-in-ln q contribution, i.e. a contribution of the same type as the −w 3 ln q one. Concerning the double-iterated w 1 w 2 contribution we have already seen that it does provide a linear-in-ln q contribution. We see reasons why such a contribution might be modified when taking into account diagrams that have not been retained among the "classical-contributing" diagrams computed in [25] . Indeed, if we add to a one-loop triangular diagram (linked to w 2 ) a graviton exchange line connecting an incoming particle to the outgoing line of the other particle, it was shown by Weinberg [60] that this exchange exponentiates into an IR-divergent factor
where the real part of B is proportional to the product of w 1 = 2(2γ 2 − 1) and of the same arcsinh-related function that enter the results of [25] , namely
This suggests (without proving it) that some logarithmic term, with coefficient ∝ w 1 w 2 as(γ)/p ∞ , might be contained in such unused diagrams and might modify the extraction of the classical part of w 3 . This is consistent with the discussion of [25] showing that all diagrams containing IR divergences are needed to obtain a smooth massless limit, while the ones retained in the analysis of [25] lead to a logarithmically singular massless limit. We shall discuss below the reasons why we think that the correct classical value of w 3 has to have a smooth massless limit, or, equivalently, a well-defined high-energy limit.
V. HIGH-ENERGY (HE) BEHAVIOR OF THE EOB POTENTIAL AND OF ITS SF EXPANSION
Let us present several arguments confirming the necessity (pointed out in Ref. [20] ) of a specific power-law behavior, in the high-energy (HE) limit γ → ∞, of the coefficients q n (P ) (entering the EOB Q potential), and of the related coefficients w n (γ) and χ n (γ), respectively entering the EOB w potential, and the scattering function.
A. 2PM dynamics and a general heuristic argument concerning HE behavior
A basic idea, which was explicitly checked at the 2PM level in [20] , is that the EOB mass-shell condition (3.2) (which, for general energies and momenta, is a complicated, nonlinear function of energies and momenta) should simplify in the HE limit and become quadratic in P µ . Moreover, in this limit the dependence on the mass ratio ν should also disappear. Indeed, it is only when these two conditions are satisfied that the (equivalent) limit where the two masses m 1 , m 2 tend towards zero, while keeping fixed the energies E 1 = m 2 1 + p 2 1 , E 2 = m 2 2 + p 2 2 , exists. As (classical and quantum) gravity couples to energy, rather than to rest-mass, one a priori expects such a limit to exist. We will sketch below, how a classical PM scattering computation could prove that such a limit exists 5 . [One needs to be in a PM framework to explore such a limit, as the usual PN framework is by definition limited to the small momenta regime.] If we assume for the moment that this HE limit exists, it implies some specific HE behavior of the coefficients q n (P, ν) entering the rescaled EOB potential Q ≡ Q/µ 2 . More precisely, such a good HE behavior means that, for each value of n ≥ 2, the HE limit of the coefficient q n (p λ , ν) (where p λ ≡ P λ /µ) should be a ν-independent quadratic form in p λ . [Note that this is equivalent to saying that the unrescaled Q becomes a ν-independent quadratic form in P λ .] The precise expression for the limiting behavior of q n (p λ , ν) depends on the gauge chosen to write it. In the first form (3.7) of the energy gauge (where q n (p λ , ν) is only a function of As we shall explicitly check below the 3PM result of [24, 25] does not respect this behavior because of the logarithmic growth of the arcsinh term entering their results.
B. On the use of self-force (SF) theory to derive exact PM dynamics Before using SF theory to control the HE behavior of the PM dynamics, let us point out a potentially interesting new use of SF theory.
Let us start by recalling that the discussion in Section II above allowed one to give a stringent upper bound on the number of unknown functions of γ entering each PM order. In particular, we found that, both at the 3PM and the 4PM levels, there was only one a priori unknown function of γ. Namely, in the parametrization of Eqs. (2.48) and (2.49), the function χ 4 (γ) at the 4PM level. We wish to point out here the rather remarkable fact that SF theory (which, in the framework of EOB theory means expanding the EOB dynamics to linear order in ν), can, in principle, be used to derive in an exact manner the 3PM and 4PM dynamics. The main point is that the first-order SF (1SF) expansions of the 3PM and 4PM scattering functions χ 3 (γ, ν) and χ 4 (γ, ν), i.e their expansions in powers of ν, keeping only the term linear in ν, contain enough the existence of a good HE limit, but Refs. [24, 25] dismiss this fact by arguing that the massless limit does not commute with the classical limit.
information to compute the exact functions χ 3 (γ, ν) and χ 4 (γ, ν). Indeed, using the fact that h(γ, ν) = 1 + 2ν(γ − 1) = 1 + ν(γ − 1) + O(ν 2 ), (5.3) and considering first the 3PM level, the 1SF expansion of χ 3 (γ, ν) reads, from Eq. (2.48),
Therefore the linear-in-ν, or 1SF contribution, to χ 3 (γ, ν) is proportional to the function (γ − 1) χ The same result holds at the 4PM level. Namely, starting from Eq. (2.49), the 1SF expansion of χ 4 (γ, ν) reads One does not have today general enough 1SF results allowing one to extract χ
4 (γ), and their higherorder analogs. Actually, the SF theory of scattering motions is still in its developing stages. Some years ago Ref. [67] had pointed out the interest of extending the SF approach (which is usually applied only to circular, or near-circular, states) to scattering states, and showed what information it could give. Due to technical issues, it is only very recently [68] that a numerical implementation of one of the scattering-type SF computations proposed in Ref. [67] has been accomplished. Here, we are suggesting to develop an analytical, PM-expanded SF framework, e.g. based on the G−expansion of the Mano-Suzuki-Takasugi formalism, for computing the Gexpansion of the scattering angle in large-mass-ratio binary systems. When a second-order SF formalism becomes available, the same idea will allow one to compute the exact 5PM and 6PM (conservative) dynamics. Indeed, a look at Eqs. (2.47) shows that, after using the test-mass knowledge (χ Schw 5 , χ Schw 6 ), one has two unknown functions of γ at 5PM and at 6PM, so that it is enough to know the 1SF (O(ν)) and the 2SF (O(ν 2 )) contributions to the SF expansions of χ 5 (γ, ν) and χ 6 (γ, ν) to reconstruct their exact expressions for any mass ratio.
C. Incompatibility between the 3PM dynamics of
Refs. [24, 25] and the HE behavior of the SF Hamiltonian of an extreme mass-ratio two-body system
The penultimate subsection stated a general expectation, and its technical consequences, but the only proof we gave so far of its validity (for the classical dynamics) is the HE behavior of the 1PM and 2PM dynamics. Let us, however, show how explicit results from SF theory obtained in Ref. [51] give strong evidence for the existence of a good HE limit of the (resummed) PM dynamics, thereby correlatively suggesting that the 3PM result of [24, 25] is incorrect.
Let us start by showing how the circular-orbit SF computation of Ref. [51] provides a direct handle on the highenergy (HE) of the 1SF-expanded two-body dynamics. To be concrete, and explain the contradiction between the 3PM result of [24, 25] and the 1SF result of [51] , let us consider the 1SF expansion of the 3PM-accurate EOB Hamiltonian derived in [49] from the results of [24, 25] . We recall that the two-body Hamiltonian is expressed by the general formula (3.1) in terms of the effective Hamiltonian E eff = H eff (R, P). In turn, the effective Hamiltonian is obtained by solving the EOB mass-shell condition (3.5) for E eff . In the H-type energy gauge this yields a squared effective Hamiltonian of the form (in rescaled variables)
The 2PM coefficient q 2 (γ, ν) is given by [20] 
, (5.9) while the 3PM coefficient derived in [49] by combining the results of [24, 25] and [20] reads
and where
with the explicit value of C B (γ) witten in Eq. (3.69)
above.
A crucial point is that the HE limit γ → ∞ and the SF limit ν → 0 do not commute because of the denominators involving powers of h(γ, ν) = 1 + 2ν(γ − 1).
When discussing SF results we are interested in performing first a linear expansion in ν, and in then taking the HE limit of this linear expansion. Let us denote, for simplicity, by F 1SF the coefficient of ν in the linear-in-ν, or 1SF, expansion of any EOB function, F , considered as a function of the EOB phase-space variables r, p, and of ν: F (r, p, ν) = F (r, p, 0) + νF 1SF (r, p) + O(ν 2 ). Applied to q 2 (γ, ν) this yields first 
We have
Its HE limit reads does not have a finite HE limit because of the presence of the arcsinh term. Barring a fine-tuned cancellation coming from 4PM and higher contributions, this absence of HE limit of the ratio Q 1SF /γ 3 is in direct conflict with a result obtained in Ref. [51] . Indeed, Akcay et al. [51] have computed a 1SF-accurate gauge-invariant function which can be directly related to Q 1SF . More precisely, Ref. [51] considered the sequence of circular orbits of a small black hole (of mass m 1 ) around a large black hole (of mass m 2 ) and computed a function a 1SF E (u) which (using results from Refs. [69] [70] [71] ) can be related to Q 1SF in the following (gauge-invariant) way (see [51] for details)
(5.20)
The superscript circ on the right-hand side means that the arguments of the EOB function Q 1SF / H 3 S must be evaluated along the sequence of circular orbits around a Schwarzschild black hole of mass M , i.e. that we have the relation
Rigorously speaking, only the part of the sequence of circular orbits describing the unstable orbits below R = 4GM , i.e. 1 4 < u < 1 3 , lead to a value of γ circ > 1 that can be directly inserted in the formulas above. However, one can formally consider the analytic continuation of the formulas above for smaller values of u. In particular, we could satisfactorily check that, in the PN limit u → 0,
The contradiction with the result above then comes when focussing on the limit u → 1 3 − . This limit, which physically corresponds to considering HE circular orbits near the light ring of the large-mass black hole, realizes the above-considered HE limit γ → ∞. The crucial point is that Ref. [51] could numerically study with high accuracy the behavior of the a 1SF E (u) in this limit, and found that it admitted a finite limit yielding
where ζ is a finite number equal to 1 to good accuracy. In particular, the study of the behavior of a 1SF E (u) in the close vicinity of u = 1 3 definitely excluded the presence of a LO logarithmic singularity ∝ ln(1−3u), i.e. ∝ ln γ. On the other hand, the numerical results of [51] were compatible with the additional presence of a subleading logarithmic singularity, i.e. a behavior of Q 1SF /γ 3 − 27ζ/4 of the form ∝ (1 − 3u) ln(1 − 3u), i.e. ∝ γ −2 ln γ.
The main conclusion from this comparison is that the polynomial coefficient of as(γ)/ γ 2 − 1 in the function C B (γ), Eq. (3.69), cannot contain a term ∝ γ 4 , but can at most contain a term ∝ γ 2 . Our discussion above of possible modifications of w 3 (in particular with arcsinhdependent contributions) coming either from contributions to the amplitude that were not retained in Refs. [24, 25] , or from ambiguities in the extraction of a classical potential from a quantum amplitude then lead us to conjecture a minimally modified form of the 3PM dynamics that is compatible with the results of [51] .
D. Uniqueness of a new, conjectured 3PM dynamics
In view of the results and arguments of the previous subsection we conjecture that the correct form of the function C(γ) (which fully determines the 3PM dynamics) should be of the general form 6
where P 3 (γ) and P 2 (γ) are two polynomials in γ of the indicated orders. One could a priori consider the most general such polynomials, say
However, as we expect that there exist classical cousins of the two-loop diagrams computed in Refs. [24, 25] that will share some of the basic features of the latter, we are going to assume that the two polynomials P 3 (γ) and P 2 (γ) have the same symmetry properties that are present in their quantum analogs. On the one hand, it is clear from Eqs. (9. 2) that all the intermediate polynomial coefficients of the arcsinh term are even in γ. Therefore, we shall correspondingly assume that our reduced-order arcsinh coefficient, P 2 (γ), is even in γ, i.e., of the form
Concerning the other polynomial P 3 (γ), which, in view of our results above, can be identified (modulo an overall factor) to the polynomial part of h 2 (γ, ν)w 3 (γ, ν), and to the coefficient denoted τ 1 in Eq. (9.5) of [25] , we shall follow the indication of [25] (given just below Eq. (9.5) there) that (after completing it by the overall factor m 3 1 m 3 2 ) it must be a polynomial in 7 m 2 1 , m 2 2 and (p 1 · p 2 ). When converting this property in terms of the polynomial P 3 (γ), it leads to restricting it to be odd in γ, i.e., of the form Let us compare the HE behavior of the 3PM dynamics implied by Eq. (5.28) and other HE results. We first consider the 1SF expansion of the new, conjectured 3PM dynamics. We recall that the function C(γ) determines a corresponding function C(γ) = −C(γ)/(γ − 1), or equivalently the sum
As we unambiguously know the function B(γ), Eq. This result differs from the one deduced above, Eq. (5.18), from [25] in two ways. First, there is no logarithmic term ∝ ln(2γ), so that the HE limit is finite. Second, the coefficient of the u 3 term is different. If we numerically insert the value u = 1 3 corresponding to the lightring result of [51] we get the following 3PM estimate of the latter finite limit, namely The corresponding numerical result of [51] , Eq. (5.22), was ≈ 27 4 = 6.75. We should not expect a close numerical agreement because we have used in our analytical estimate only the first two terms (2PM and 3PM) in the infinite PM expansion of this ratio. We see that the two terms we know (corresponding to the two terms on the first line of the above equation) do not exhibit any clear convergence, the second (3PM-level) contribution being actually larger than the first (2PM-level) one. Had we considered, instead of Q c 1SF , the 1SF contribution to the squared effective Hamiltonian H 2 eff = (1 − 2u) Q, and had we truncated it to the 3PM level, we would have obtained an analytical estimate for the HE limit of ( H 2 eff ) c 3PM 1SF /γ 3 equal to 15 2 u 2 + 22u 3 , which yields 89 54 ≈ 1.6481 when u → 1 3 . The corresponding exact SF numerical result would now be 9 4 ζ ≈ 2.25. In that comparison the 3PM analytical result would be rather close to the exact SF one. Evidently, in view of such differences induced by the use of 3PM truncations of various (related)PM series, we cannot draw a firm conclusion. However, we can reasonably summarize these comparisons by saying that, in addition to correctly predicting the finiteness of the HE limit, the 3PM conjectural expression Eq. (5.28) is compatible both in sign and in order of magnitude with the numerical SF result of [51] . As we are going to see next, predicting the correct sign is a non trivial matter.
Let us now come back to the full, non-SF-expanded version of the 3PM dynamics, and consider its HE limit. More precisely, let us consider the 3PM-level scattering angle predicted by Eq. (5.28). It is given by the expression (see (3.61) )
(5.33) When considering the HE limit (or, equivalently the massless limit at fixed momenta), the ν-dependent term 1/h 2 (γ, ν) tends towards zero, and we get
Here, the first term on the first right-hand side (which is positive) is the HE contribution coming from the Schwarzschild term, while the second term (which is negative) comes from the γ 3 term in the P 3 (γ) part of C c (γ).
The latter negative contribution wins over the positive Schwarzschild one and leads to a final negative 3PM-level contribution to the HE scattering angle. Remembering that the HE limit of the 2PM scattering χ 2 (γ, ν) vanishes (because of its ∝ 1/h(γ, ν) structure), and adding the 1PM contribution, we can write the prediction for the 3PM-accurate (two-loop) scattering angle coming from C c (γ). Let us (following Ref. [20] ) use the notation
We then get As we see, neither of the two interpretations of the ACV computation is compatible with our conjectured classical 3PM dynamics. Most striking is the fact that our C c (γ) predicts a negative 3PM-level contribution to the scattering angle, while the result of ACV led to a positive one. It would be interesting to reexamine what determined the sign of the H-diagram computation of ACV, and whether some overall negative sign correction should be applied. Even so, the numerical coefficient of the α 3 term would not precisely match.
F. Expected structure of the HE limit of PM gravity
To complete our discussion of HE PM gravity, let us indicate the existence of a classical HE symmetry predicting, among other results, that the HE PM scattering angle will contain only odd powers of α ≡ γ j , so that
Such a structure was deduced, in the case of the HE quantum scattering, by Amati, Ciafaloni and Veneziano [26] from analyticity requirements in s. The aim of the present discussion is to exhibit a classical symmetry leading to the same result for the classical scattering. Let us consider again the classical time-symmetric Lorentz-invariant, PM perturbation-theory computation of the momentum change ∆p 1µ = −∆p 2µ . Above we wrote this PM perturbation theory in terms of two worldlines parametrized by their proper times s a , so that u µ a = dx µ a /ds a were two unit vectors, because we wanted to keep track of the dependence on the two rest masses m a , entering the stress-energy tensor as multiplicative factors. But we could have, instead, as was actually done in [20, 44] , use worldline parameters σ a = s a /m a such that dx µ a /dσ a = m a u µ a = p µ a . In this parametrization the stress-energy tensor does not involve the masses, but only the momenta, and reads
One then checks that the masses will never explicitly occur in this reformulation of PM perturbation theory. This reformulation is useful for treating the limiting case where m a → 0, u µ a → ∞, keeping fixed the values of the momenta p µ a = m a u µ a . In this limit the two momenta, and the two worldlines, become lightlike: p 2 a = −m 2 a → 0. The expressions written down in Refs. [20, 44] then define a formal PM perturbation theory that applies when one or two of the particles are massless. Let us consider the case where both particles are massless. A difference with the massive case is that the convolution of the timesymmetric propagator ∝ δ (x − y) 2 with a T µν (y) localized along a null geodesic (which is straight at LO) selects a single (advanced or retarded) source point x a on each worldline. [Indeed, the LO equation to solve in σ a , for a given field point x, namely (x − x 0 a − p 0 a σ a ) 2 = 0, is linear, rather than quadratic, in σ a because (p 0 a ) 2 = 0.] The corresponding linearized approximation for the metric (in harmonic gauge) reads
In the presently considered case where the p a 's are null, the expression (5.43) represents a sum of Aichelburg-Sexl metrics [74] associated with each worldline. Each Aichelburg-Sexl metric is flat (zero curvature) outside of the null hyperplanes (x−x a ).p a = 0, but has nonzero curvature concentrated (in a Dirac-delta manner) on these hyperplanes. This raises some technical issues about the choice of a suitable gauge leading to well-defined (and convergent at large distances) integrals when computing the nonlinear PM contributions to the metric and to ∆p 1µ .
We shall assume here that the formal PM perturbation theory for the scattering of two massless particles leads (possibly after the use of a suitable gauge for representing the physical content of the metric (5.43)) to well-defined integral expressions for the vectorial momentum transfer ∆p µ ≡ ∆p 1µ = p ′ 1µ − p 1µ = −∆p 2µ . The (incoming) vectorial impact parameter b µ (such that b · p 1 (−∞) = 0 = b · p 2 (−∞)) is easily seen to be uniquely defined by the geometrical configuration made by the two incoming (null) worldlines. One can then write ∆p µ as a covariant function of b µ and of the two incoming momenta. As before the corresponding scalar
must be a Lorentz scalar covariantly constructed from the vectors b µ , and p aµ (the latter denoting the incoming values of the momenta). As b µ is (by definition) orthogonal to the two momenta, and as the momenta have vanishing Lorentz norms, the only scalar product that can be extracted from the geometrical configuration p 1 , p 2 , b is the scalar product |(p 1 · p 2 )| = −(p 1 · p 2 ).
[We assume that p 1 and p 2 are both future-oriented so that (p 1 · p 2 ) < 0.] This technical fact can be geometrically understood as follows. After fixing the vectorial impact parameter b µ , the geometrical configuration defined by the two incoming null worldlines admits as symmetry group the subgroup of the Lorentz group made of boosts acting in the two-plane spanned by the two null vectors p 1 and p 2 . If we consider a null frame with two null vectors ℓ µ , n µ , respectively parallel to p 1 and p 2 , but normalized so that ℓ · n = −1, these boosts are parametrized by a scalar k (equal to (1 − v)/(1 + v) in terms of the usual boost velocity v) acting on the null frame ℓ, n as ℓ → kℓ, n → k −1 n. These boosts change the components of p 1 and p 2 along the null basis vectors ℓ, n (say p µ 1 = p 1ℓ ℓ µ and p µ 2 = p 2n n µ ) by factors k −1 and k, respectively. The Lorentz scalar Q(p 1 , p 2 , b) must be invariant under these coordinate transformations. [One could gauge-fix this residual Lorentz symmetry by going to the c.m. frame where the spatial components of p 1 and p 2 are opposite, but the idea here is, on the contrary, to use this symmetry to constrain the expression of Q(p 1 , p 2 , b).] As, in addition, the structure of PM perturbation theory (together with dimensional analysis) shows (as is visible on the first approximation (5.43), and the formulas written in [20, 44] ) that, at each PM order G N , Q(p 1 , p 2 , b) will be a homogeneous polynomial of order N + 1 in p 1ℓ and p 2n (and be proportional to 1/b N ) we conclude that N + 1 must be an even integer, and that Q(p 1 , p 2 , b) must be a polynomial (of order (N + 1)/2) in the product of components p 1ℓ p 2n , i.e. in the scalar product |(p 1 · p 2 )| = −(p 1 · p 2 ). This leads to a PM expansion for Q(p 1 , p 2 , b) of the form
Let us point out again that the HE structure (5.45) is giving us a non trivial information about the structure of the finite-mass expression of Q(p 1 , p 2 , b; m 1 , m 2 ). For instance, the well-confirmed 2PM-accurate scattering [20, 39, 47] reads
(5.46)
When taking the massless limit m a → 0, p 2 a → 0 (equivalent to considering the HE limit), this reduces to
which checks the absence of any O(G 2 /b 2 ) contribution in that limit. Let us mention in passing that, though the massless (i.e. lightlike) limit of PM perturbation theory might give rise to worsened convergence issues for the various integrals giving the values of the coefficients Q n , as compared to the usual massive case involving timelike worldlines, we do not see how classical perturbation theory of massless particles could generate any logarithmic term. Indeed, after factorization of a power of G at each PM order, there seems to be no way to classically generate the dimensionless argument of a logarithm from the squared mass scale |(p 1 .p 2 )| and the length scale b. We note in this respect that the first logarithm entering the PN expansion of the two-body dynamics arises at the O(G 4 ) (and 4PN) level [67, 75] and is linked to a time nonlocality connected with hereditary tail effects [76] . However, the corresponding O(G 4 ) logarithmic contribution to the scattering angle actually involves the logarithm of a dimensionless velocity (see Ref. [56] ).
G. Expected HE behavior of EOB potentials and a 4PM-level result
Let us finally sketch how the just described HE behavior of the scattering function translates into a corresponding HE behavior of the EOB Q potential 9 . We first transcribe the massless (or high-energy) scattering expansion (5.45) in terms of the HE behavior of the various coefficients χ n (γ, ν) or q E n (γ, ν) entering the usual (massive) scattering PM expansion and its EOB formulation. From (5.45) we deduce sin so that the above-defined dimensionless parameter α ≡ γ/j can be rewritten, in the HE limit, as
Therefore, the expansion (5.48) yields sin
Such a HE expansion, which also implies that
means that the expansion coefficients χ n (p eob , ν) of χ 2 have HE behaviors that are different for even or odd PM orders. Namely, odd PM orders yield We have seen above that the test-particle expansion coefficients have a similar HE behavior (with, however, non vanishing even coefficients c χSchw 2n ). Let us now translate these results on the HE asymptotics of the scattering angle into results on the HE behavior of the PM expansion coefficients q E n (γ, ν) of the mass-shell EOB (rescaled) Q potential,
(5.57) From the relations derived in section III between χ n and q E n we easily see that any HE behavior of the type χ n (p eob , ν)
Let us now use SF theory to derive some structural information about the HE limit of the various building blocks χ (p) n (γ) and q (p) n (γ). We can use a reasoning which was the one used in Ref. [51] to understand the HE behavior found there when considering 1SF expanded quantities near the light ring. Let us imagine analytically computing the SF expansion for the total change of momentum of a small-mass particle (say of mass m 1 ) interacting with a large-mass black hole (say of mass m 2 ≫ m 1 ). It can be formally obtained from replacing on the right-hand side of If we consider an ultra-relativistic motion (u µ 1 ≫ 1, keeping the product m 1 u µ 1 small) of the small particle, the perturbation h αβ of the metric (which is sourced by m 1 u µ 1 ) will be proportional to, say, the conserved energy E 1 = −m 1 u µ 1 ξ µ (where ξ µ is the time-translation Killing vector of the background g (0) αβ (m 2 )). A direct consequence of this simple remark is that the fractional 1SF change in the scattering angle will be of order O(E 1 /m 2 ), rather than the naive estimate O(m 1 /m 2 ) that holds for particles with velocities small or comparable to the velocity of light. In the EOB formalism, the 1SF effects are described by the linear-in-ν piece in the mass-shell term Q. The previous reasoning shows that, when considering the small back-reaction ultrarelativistic double limit where −u µ 1 ξ µ → ∞, m 1 → 0 with E 1 = −m 1 u µ 1 ξ µ fixed but much smaller than m 2 , i.e. a limit where one first expands to linear order in ν, and then formally considers the limit where γ = −(p 1 · p 2 )/(m 1 m 2 ) ≈ E 1 /m 1 ≫ 1, one will have fractional corrections to χ of order νγ. In other words, when expanding in powers of G, the 1SF contribution to each coefficient χ n (γ, ν), defined as, 
.] Actually, we know (from our results above) that the HE behavior χ (p) n (γ) ∼ γ n holds true when n = 2 and n = 3 . Therefore, for these cases, the present SF argument yields just a new confirmation of results obtained in a different way. On the other hand, for n ≥ 4 (i.e for the 4PM level and beyond) our conclusion depends on excluding the presence of special cancellations between the HE behaviors of the individual contributions χ n (γ) (which is known to be ∼ γ n ). Our conclusion (5.72) is therefore, at this stage, when considered in its full generality (for arbitrary values of n and p), more a conjecture than a proven statement. A confirmation of the conjecture (5.72) comes from considering the HE limit of χ n (γ, ν) in the case where n is even. If we use the expression (5.65) when n is even, all the terms on the right-hand side will have at least one inverse power of h(γ, ν). We therefore conclude from (5.72) that
which is equivalent to the absence of even terms in the HE expansion of χ as a function of α = γ/j. We can now insert the HE behavior (5.72) of the χ building blocks χ We see on the explicit expressions (5.74), (5.75) that these functions have an HE behavior of the type
The same is easily seen to hold for the other 3PM-level function q
(2) 3 (γ), which is essentially a different notation for the function denoted C(γ) in Eq. (3.62), if we follow our conjecture (3.71) about the correct value of the related functionC(γ). When using the various links we have derived above between the χ (p) n (γ)'s and the q (p) n (γ)'s, one easily checks that the HE behavior (5.76) follows from the property (5.72) . A further argument for the correctness of (5.76) is that it automatically predicts to all PM orders that the 1SF expansion of the mass-shell potential Q will be such that the ratio Q nPM 1SF γ 3 has a finite limit when γ → ∞. In turn this property is exactly what is needed to be compatible with the HE behavior found for the exact Q 1SF in Ref. [51] , see Eq. (5.22) . In other words, the array of results and conjectures we have presented above are all consistent with each other.
Let us finally note in passing that, despite the appearance of denominators blowing up at low velocities (when p 2 eob → 0, i.e. γ 2 → 1) in intermediate expressions, the functions q n (γ, ν) are all regular as p 2 eob → 0.
VI. SUMMARY
This paper has derived new general properties of post-Minkowskian (PM) gravity, notably in its effective one body (EOB) formulation. Our first result has been to prove general expressions for the dependence of the momentum transfer (during the classical scattering of two masses) on the two masses, and thereby on the symmetric mass ratio ν (see Eqs. (2.15), (2.24) ). This implies specific constraints on the ν dependence of the scattering angle considered as a function of the reduced angular momentum j ≡ J/(Gm 1 m 2 ) (see Eqs. (2.45), (2.46), (2.48)). A useful consequence of these results is that the full knowledge of the 3PM dynamics is encoded in a single function of the single variable γ = −(p 1 · p 2 )/(m 1 m 2 ). Moreover the same property holds also at the 4PM level. We pointed out that these properties allow first-order self-force (linear in mass ratio) computation of scattering to give access to the exact 3PM and 4PM dynamics.
We then generalized our previous work [20] by deriving, up to the 4PM level included, the explicit links between the scattering angle and the two types of potentials entering the Hamiltonian description of PM dynamics within EOB theory. The first type of potential is the Q potential entering the mass-shell condition of EOB dynamics 0 = g µν Schwarz P µ P ν + µ 2 + Q(X, P ) , (6.1)
while the second one is an ordinary, energy-dependent radial potential W (E,R) entering a non-relativistic-like quadratic constraint on the EOB momentum,
The first formulation is usually expressed in terms of a Schwarzschild-like radial coordinate R (with u = GM/R), while the second one uses an isotropic-like radial coordinateR (withū = GM/R). The links between the PM expansion coefficients of both types of formulations, as well as their links with the PM expansion coefficients of the scattering function, are given in section III. [See Appendix A for the link of the EOB potential with the potential used in Refs. [24, 25] .] At the end of section III we summarized the current knowledge of the PMexpanded dynamics and stated that the recent classical 3PM-level dynamics derived by Bern et al. [24, 25] is incompatible with the self-force computation of Ref. [51] and must be replaced by the 3PM-dynamics described by the new function C c (γ) = γ(35 + 26γ 2 ) − (18 + 96γ 2 ) as(γ)
instead of the corresponding function (3.69) derived in Refs. [24, 25, 49] . The PN expansion of our proposed 3PM dynamics (5.28) starts differing from that of the corresponding one derived in Refs. [24, 25] at the 6PN level. If the novel method of computing the PN-dynamics introduced in Ref. [50] can be extended to the 6PN level, one will be able to discriminate between the two proposed 3PM dynamics. See Eqs. (3.66), (3.72), (3.73) for the comparison of the two corresponding predictions for the 6PN-level contribution to the 3PM scattering function χ 3 . Our arguments for mistrusting the classical transcription of the amplitude computations of Refs. [24, 25] are detailed in section IV. The latter section details also the 3PM generalization of a result of Ref. [20] , namely the computation of the scattering amplitude derived from quantizing the 3PM EOB potential. Our computation explicitly takes into account the IR-divergent contributions coming from the Born iterations of the EOB radial potential. The usual potential-scattering amplitude f eob in the EOB radial potential is linked to a corresponding Lorentz-invariant amplitude M via the simple rescaling M eob = 8πG s f eob . (6.4) However, we raise doubts about the possibility of retrieving the classical-potential-derived amplitude M eob either from the full two-loop amplitude M full , or from the partial amplitude M quasi−classical computed in Refs. [24, 25] .
If our doubts turn out to be confirmed, it will be important (especially when going to higher PM orders) to understand how to use the technically rich content given by the methodology of Refs. [24, 25] to recover the needed, correct classical information. Finally, section V discusses various features of the high-energy (or massless) limit of the PM dynamics. We present several independent arguments (notably based on the high-energy self-force computation of Ref. [51] ) suggesting that: (i) the 3PM classical dynamics derived in Refs. [24, 25] is incorrect; (ii) there exists a unique corrected version (described by Eq. (5.28)) of the results of Refs. [24, 25] compatible with Ref. [51] if one combines the recent 5PN result of [50] with structural properties derived in Refs. [24, 25] ; (iii) the high-energy limit of PM gravity has simple scaling properties (see Eqs. (5.72), (5.76)); and (iv) the high-energy limit of PM scattering is qualitatively compatible with the twoloop result of Amati, Ciafaloni and Veneziano [26] , but quantitatively disagrees with it, notably for a crucial sign difference (see discussion at the end of subsection V E).
V (P, X) = G c 1 (P 2 ) |X| +G 2 c 2 (P 2 ) |X| 2 +G 3 c 3 (P 2 ) |X| 3 +· · · (A2)
Ref. [22] derived a 2PM-accurate potential (from the quasi-classical one-loop amplitude of Refs. [19, 21] ) without connecting this potential to the previously derived (simpler) 2PM-accurate EOB potential of Ref. [20] . To complete our study, let us sketch how the two types of potentials are related by using the tools we have introduced above. We will be brief because results essentially equivalent (and sometimes to higher-orders) to the results below (though formulated differently) have already been displayed in Refs. [25, 53, 54] . The gauge-invariant characterisation of the successive coefficients w n entering the energy-dependent version of the EOB potential obtained in subsection III C gives a simple algorithmic procedure for extracting the gaugeinvariant information from the PM expansion (A2) of the CRS potential V (X, P). Let us sketch how this can done.
Starting from H(P, X) = m 2 1 + P 2 + m 2 2 + P 2 + V (R, P 2 ) , (A3) with V (R, P 2 ) = G c 1 (P 2 ) R +G 2 c 2 (P 2 ) R 2 +G 3 c 3 (P 2 ) R 3 +· · · (A4) and denoting as P ∞ the (common) magnitude of the c.m. incoming (and outgoing) momenta, such that the total (conserved) energy E real = √ s of the two-body system reads
we can perturbatively solve the energy conservation law E real = H(P, X) for P 2 . Beware that, in this appendix, we will use the notation P ∞ (without extra label) to denote the magnitude of the asymptotic physical c.m. three-momentum. This quantity differs from the corresponding EOB incoming momentum, which was also denoted P ∞ = µp ∞ in the main text. Here, we will denote the latter EOB incoming momentum as P EOB ∞ = µp eob ∞ . The relation between P ∞ ≡ P cm ∞ and P EOB ∞ will be recalled below.
We look for a PM expansion of the type
where W n ∝ G n , such that the insertion of the expansion (A6) in Eq. (A3), with the PM-expanded potential (A4) solves the constraint E real = H(P, X). At first order in G, this yields the constraint
which uniquely determines W 1 (P ∞ ) in terms of c 1 (P 2 ∞ ), namely
At second order in G, we similarly get an equation uniquely determining W 2 (P ∞ ) in terms of c 2 (P 2 ∞ ), of the P 2 ∞ derivative of c 1 (P 2 ∞ ), and of the previously determined W 1 (P 2 ∞ ), namely
This algorithmic procedure successively determines the coefficients W n (P ∞ ) entering the PM expansion (A6) in terms of the sequence of functions c n (P 2 ). The results of this procedure agree with the corresponding results in section 11.3.1 of Ref. [25] , but we will use it here to relate the EOB Q potential to the CRS V potential. The next step is to transform the coefficients W n (P ∞ ) into their corresponding gauge-invariant avatars W n (P ∞ ), defined in the same way as in Eq. (3.46) above, namely
Then, applying the reasoning made around Eq. (3.46) above, we conclude that the W n (P ∞ )'s extracted from the sequence of functions c n (P 2 )'s must be numerically identical to the w n (p ∞ )'s entering the EOB potential. One must simply take care of the presence of a factor (Gm 1 m 2 ) n due to the rescaling factors, P = µp, E = M h, J = GM µj, used above, and of the (crucial) fact that the CRS and EOB quantities are expressed as functions of different variables, namely P ∞ ≡ P cm ∞ versus P EOB ∞ = µp eob . At this stage, we need to recall that, according to, e.g., Eq. (10.27) of Ref. [20] , the (rescaled) EOB incoming momentum p eob = p eob ∞ is related to the real, c.m. incoming momentum P ∞ by E real P real ∞ = m 1 m 2 γ 2 − 1 ≡ m 1 m 2 p eob ∞ .
Finally, we have the simple relations W 1 (P ∞ ) = Gm 1 m 2 w eob 1 (γ), W 2 (P ∞ ) = (Gm 1 m 2 ) 2 w eob 2 (γ), W 3 (P ∞ ) = (Gm 1 m 2 ) 3 w eob 3 (γ), W 4 (P ∞ ) = (Gm 1 m 2 ) 4 w eob 4 (γ) .
The first two EOB PM levels have been computed in Ref. [20] and yielded the results w eob 1 (γ) = 2(2γ 2 − 1)
We have checked that by inserting the latter simple expressions in the relations written above gave the (much more intricate) expressions of c 1 and c 2 derived in [22] . Note, in particular, that the asymptotic value ξ ∞ of the symmetric energy ratio defined in [22] , namely ξ(P 2 ) ≡ m 2 1 + P 2 m 2 2 + P 2 m 2 1 + P 2 + m 2 2 + P 2 2 ,
which does not appear in the EOB results, enters in c 1 via the derivative
(A15)
When working at the 3PM-level one can similarly relate the coefficients c 3 , W 3 (P ∞ ), w eob 3 (γ) and q 3 (γ), and explicitly check that the value of c 3 given in the last Eq. (10.10) of [25] is equivalent to the (much simpler) expression of q 3 obtained in the main text (and also derived in Ref. [49] by using the formulas of [20] ). Let us finally note that Refs. [53, 54] derived all-order expressions for the links between the quantities c n and w n (without considering, however, the more basic EOB coefficients q n ).
